The magnetorotational instability is thought to be responsible for the generation of magnetohydrodynamic turbulence that leads to enhanced outward angular momentum transport in accretion discs. Here, we present the first formal analytical proof showing that, during the exponential growth of the instability, the mean (averaged over the disc scale-height) Reynolds stress is always positive, the mean Maxwell stress is always negative, and hence the mean total stress is positive and leads to a net outward flux of angular momentum. More importantly, we show that the ratio of the Maxwell to the Reynolds stresses during the late times of the exponential growth of the instability is determined only by the local shear and does not depend on the initial spectrum of perturbations or the strength of the seed magnetic. Even though we derived these properties of the stress tensors for the exponential growth of the instability in incompressible flows, numerical simulations of shearing boxes show that this characteristic is qualitatively preserved under more general conditions, even during the saturated turbulent state generated by the instability.
INTRODUCTION
Magnetohydrodynamic (MHD) turbulence has long been considered responsible for angular momentum transport in accretion discs surrounding astrophysical objects (Shakura & Sunyaev 1973) . Strong support for the importance of magnetic fields in accretion discs followed the realization by Balbus & Hawley (1991) that laminar flows with radially decreasing angular velocity profiles, that are hydrodynamically stable, turn unstable when threaded by a weak magnetic field. Since the discovery of this magnetorotational instability (MRI), a variety of local (e.g., Hawley, Gammie, & Balbus 1995 Brandenburg, Nordlund, Stein, & Torkelsson 1995; Brandenburg 2001; Sano, Inutsuka, Turner, & Stone 2004) and global (e.g., Hawley 2000 Hawley , 2001 Stone & Pringle 2001) numerical simulations have shown that its non-linear evolution gives rise to a turbulent state characterized by enhanced Reynolds and Maxwell stresses, which in turn lead to outward angular momentum transport.
The relevance of the Reynolds and Maxwell stresses in determining the dynamics of a magnetized accretion disc ⋆ E-mail:mpessah@as.arizona.edu (MEP) is best appreciated by examining the equation for the dynamical evolution of the mean specific angular momentum of a fluid element (see, e.g., Balbus & Hawley 1998; Balbus & Papaloizou 1999) . Defining this quantity for a fluid element with mean densityρ asl ≡ rρv φ we can write in cylindrical coordinates ∂tl+∇·(lv) = 1 4π ∇·r(B φB )+ 1 4π ∇·rδB φ δB−∇·rρδv φ δv ,
wherev,B, δv, and δB stand for the means and fluctuations of the velocity and magnetic fields, respectively, and the bars denote suitable averages. It is clear that the presence of mean magnetic fields or of non-vanishing correlations between the fluctuations in the magnetic or velocity field can potentially allow for the specific angular momentum of a fluid element to change. In the absence of strong large-scale magnetic fields, the last two terms on the right hand side will dominate and we can simplify equation (1) as
where the vectorF characterizes the flux of angular momentum. Its components are related to the Reynolds and Maxwell stresses,Rij = ρ δvi δvj andMij = δBi δBj/4π viā
It is straightforward then to see that in order for matter in the disc to accrete, i.e., to loose angular momentum, the sign of the mean total stress,T rφ , must be positive. Note that in the MRI-literature the Maxwell stress is defined as the negative of the correlations between magnetic field fluctuations.
We have chosen instead to use a definition in which the sum of the diagonal terms has the same sign as the magnetic energy density.
In a differentially rotating MHD turbulent flow, the sign of the stress componentT rφ will depend on the mechanism driving the turbulence (presumably the MRI), the mechanism mediating the energy cascade between different scales, and the dissipative processes that lead to saturation. Nevertheless, mechanical analogies of the MRI (Balbus & Hawley 1992 Kato, Fukue, & Mineshige 1998; Brandenburg & Campbell 1997; Balbus 2003) as well as analyses involving the excitation of single-wavenumber modes (Balbus & Hawley 1992  Narayan, Quataert, Igumenshchev, & Abramowicz 2002, see also §4) suggest that angular momentum in transported outwards even during the linear phase of the instability.
In this paper, we derive analytic expressions that relate the dynamics of the MRI-driven fluctuations in Fourier space with the mean values, averaged over the disc scaleheight, of the different stresses in physical space. This allows us to provide the first formal analytical proof showing that the MRI leads to a positive mean total stressT rφ which, in turn, leads to a net outward transport of angular momentum. Within this formalism, we demonstrate that the Reynolds stress is always positive, the Maxwell stress is always negative, and that the absolute value of the Maxwell stress is larger than the Reynolds stress as long as the flow in the absence of magnetic fields is Rayleigh-stable. Moreover, we uncover a robust relationship between the Maxwell and Reynolds stresses as well as between the magnetic and kinetic energy of the MHD fluctuations during the late times of the linear phase of the instability. Specifically, we show that the ratio of the (absolute value of the) Maxwell and Reynolds stresses is equal to the ratio of magnetic and kinetic energy densities, and that both ratios depend only on the value of the local shear characterizing the flow.
The rest of the paper is organized as follows. In §2 we state our assumptions. In §3 we present the complete solution to the MRI-eigenvector problem in Fourier space. We pay particular attention to the characterization of the complex nature of the MRI-eigenvectors. In §4, we present the formalism to derive analytic expressions for the mean physical Reynolds and Maxwell stresses in terms of the fluctuations in spectral space. We show that the MRI leads to a net outward transport of angular momentum. We also study there the different properties of the MRI-driven stresses during the late times of their exponential growth. In §5 we compare these stress properties with similar properties found in previous numerical simulations that addressed the non-linear turbulent regime using shearing boxes. We also present there our conclusions.
ASSUMPTIONS
This paper is concerned with the signature of the axisymmetric MRI in the mean values (averaged over the disc scale-height) of the Reynolds and Maxwell stress tensors. In particular, we consider a cylindrical, incompressible background, characterized by an angular velocity profile Ω = Ω(r)ž, threaded by a weak vertical magnetic field B =Bzž. In order to address this issue, we work in the shearing sheet approximation, which has proven useful to understand the physics of disc phenomena when the scales involved are smaller than the disc radius.
The shearing sheet approximation consist of a first order expansion in the variable r − r0 of all the quantities characterizing the flow at the fiducial radius r0. The goal of this expansion is to retain the most important terms governing the dynamics of the MHD fluid in a locally-Cartesian coordinate system co-orbiting and corrotating with the background flow with local (Eulerian) velocity v = r0 Ω0φ. (For a more detailed discussion regarding the shearing sheet approximation, see Goodman & Xu 1994 and references therein.) The equations for an incompressible MHD flow in the shearing sheet limit are given by
where P is the pressure, ρ is the (constant) density, the factor q ≡ −d ln Ω/d ln r|r 0 parametrizes the magnitude of the local shear, and we have defined the (locally-Cartesian) differential operator
whereř,φ, andž are, coordinate-independent, orthonormal vectors corrotating with the background flow at r0.
In what follows, we focus our attention on fluctuations that depend only on the vertical coordinate. These types of fluctuations are known to have the fastest growth rates (Balbus & Hawley 1992 and will, therefore, constitute the most important contributions to the corresponding Reynolds and Maxwell stresses during the exponential growth of the instability. The equations governing the dynamics of these fluctuations can be obtained by noting that the velocity and magnetic fields given by
constitute a family of exact, non-linear, solutions to the onedimensional incompressible MHD equations in the shearing sheet limit. As noted in Goodman & Xu (1994) , the only non-linear terms, which are present through the perturbed magnetic energy density, are irrelevant in the incompressible case under study (i.e., the total pressure can be found a posteriori using the condition ∇·v = 0). Due to the divergenceless nature of the disturbances under consideration, the fluctuations in the vertical coordinate, δvz(z) and δBz(z), reduce to a constant. Without loss of generality, we take both constants to be zero 1 . We can further simplify the system of equations (4) and (5) by removing the background shear flow v shear = −qΩ0(r − r0)φ. We obtain the following set of equations for the fluctuations
where the first term on the right hand side of equation (10) is related to the epicyclic frequency κ ≡ 2(2 − q) Ω0, at which the flow variables oscillate in an unmagnetized disc. It is convenient to define the new variables δbi ≡ δBi/ √ 4πρ for i = r, φ, and introduce dimensionless quantities by considering the characteristic time-and length-scales set by 1/Ω0 andBz/( √ 4πρ Ω0). The equations satisfied by the dimensionless fluctuations, δṽi, δbi, are then given by
wheret andz denote the dimensionless time and vertical coordinate, respectively. In order to simplify the notation, we drop hereafter the tilde denoting the dimensionless quantities. In the rest of the paper, all the variables are to be regarded as dimensionless, unless otherwise specified.
THE EIGENVALUE PROBLEM FOR THE MRI : A FORMAL SOLUTION
In this section we provide a complete solution to the set of equations (13)- (16) in Fourier space. Taking the Fourier transform of this set with respect to the z-coordinate, we obtain the matrix equation
where the vectorδ(kn, t) stands for
and L represents the matrix
The functions denoted byf (kn, t) correspond to the Fourier transform of the real functions, f (z, t), and are defined via
where H is the (dimensionless) scale-height and kn is the wavenumber in the z-coordinate,
with n being an integer number. Here, we have assumed periodic boundary conditions at z = ±H. In order to solve the matrix equation (17), it is convenient to find the base of eigenvectors, {ej } with j = 1, 2, 3, 4, in which L is diagonal. This basis exists for all values of the wavenumber kn (i.e., the rank of the matrix L is equal to 4, the dimension of the complex space) except for kn = 0 and kn = √ 2q. In this base, the action of L over the set {ej } is equivalent to a scalar multiplication, i.e.,
where {σj } are complex scalars.
Eigenvectors
In the base of eigenvectors, the matrix L has a diagonal representation L diag = diag(σ1, σ2, σ3, σ4). The eigenvalues {σj }, with j = 1, 2, 3, 4, are the roots of the characteristic polynomial associated with L, i.e., the dispersion relation associated with the MRI (Balbus & Hawley 1991 ,
and are given by
where we have defined the quantities Λ and ∆ such that
For the modes with wavenumbers smaller than
i.e., the largest unstable wavenumber for the the MRI, the difference √ ∆ − Λ is positive and we can define the "growth rate" γ and the "oscillation frequency" ω by
both of which are real and positive (for all positive values of the parameter q). This shows that two of the solutions of equation (23) are real and the other two are imaginary. We can thus write the four eigenvalues in compact notation as σ1 = γ , σ2 = −γ , σ3 = iω , and σ4 = −iω .
The set of normalized eigenvectors, {eσ j }, associated with these eigenvalues can be written as
where
and the norms are given by
where e l j is the l-th component of the (unnormalized) eigenvector associated with the eigenvalue σj. This set of four eigenvectors {eσ j }, together with the set of scalars {σj }, constitute the full solution to the eigenvalue problem defined by the MRI.
The roots σj of the characteristic polynomial are not degenerate. Because of this, the set {eσ j } constitutes a basis set of four independent (complex) vectors that are able to span C 4 , i.e., the space of tetra-dimensional complex vectors, for each value of kn, provided that γ and ω are given by equations (28) and (29), respectively. Note, however, that they will not in general be orthogonal, i.e., eσ j · eσ j ′ = 0 for j = j ′ . If desired, an orthogonal basis of eigenvectors can be constructed using the Gram-Schmidt orthogonalization procedure (see, e.g., Hoffman & Kunze 1971) .
Properties of the Eigenvectors
Despite the complicated functional dependence of the various complex eigenvector components on the wavenumber, kn, some simple and useful relations hold for the most relevant (unstable) eigenvector. Figure 1 shows the four components of the eigenvector eγ as a function of the wavenumber for a Keplerian profile (q = 3/2) and illustrates the fact that the modulus of the different components satisfy two simple inequalities
for all values of 0 < kn < kBH. These inequalities do indeed hold for all values of the shear parameter 0 < q < 2. We also note that equation (32) exposes a relationship among the components of any given eigenvector eσ j . It is immediate to see that
In particular, the following equalities hold for the components of the unstable eigenvector, eγ, at the wavenumber
for which the growth rate is maximum, γmax ≡ q/2,
As we show in the next section, the inequalities (34) and (35), together with equations (38) and (39), play an important role in establishing the relative magnitude of the different mean stress components and mean magnetic energies associated with the fluctuations in the velocity and magnetic fields (see also Appendix B).
Finally, we stress here that the phase differences among the different eigenvector components cannot be eliminated by a linear (real or complex) transformation. In other words, it is not possible to obtain a set of four real (or purely imaginary, for that matter) linearly independent set of eigenvectors that will also form a basis in which to expand the general solution to equation (17) . Taking into consideration the complex nature of the eigenvalue problem in MRI is crucial when writing the physical solutions for the spatio-temporal evolution of the velocity and magnetic field fluctuations in terms of complex eigenvectors. As we discuss in the next section, this in turn has a direct implication for the expressions that are needed in the calculation of the mean stresses in physical (as opposed to spectral) space.
Temporal Evolution
We have now all the elements to solve equation (17). In the base defined by {eσ j }, any given vectorδ(kn, t) can be written aŝ
where the coefficients aj(kn, t), i.e., the coordinates of δ(kn, t) in the eigenvector basis, are the components of the vector a(kn, t) obtained from the transformation
The matrix Q −1 is the matrix for the change of coordinates from the standard basis to the normalized eigenvector basis and can be obtained by calculating the inverse of the matrix
Multiplying equation (17) at the left side by Q −1 and using the fact that
we obtain a matrix equation for the vector a(kn, t),
which can be written in components as ∂taj (kn, t) = σj aj (kn, t) with j = 1, 2, 3, 4 .
The solution of these equations is then given by aj(kn, t) = aj(kn, 0) e σ j t with j = 1, 2, 3, 4 .
We can finally write the solution to equation (17) aŝ
where {σj} and {eσ j }, for j = 1, 2, 3, 4, are given by equations (30) and (31), and the initial conditions a(kn, 0) are related to the initial spectrum of fluctuations,δ(kn, 0), via a(kn, 0) = Q −1δ (kn, 0).
NET ANGULAR MOMENTUM TRANSPORT BY THE MRI
Having obtained the solution for the temporal evolution of the velocity and magnetic field fluctuations in Fourier space we can now explore the effect of the MRI on the mean values of the Reynolds and Maxwell stresses.
Definitions
The average over the disc scale-height, 2H, of the product of any two physical quantities, f (z, t) g(z, t),
can be written in terms of their corresponding Fourier transforms,f (kn, t) andĝ(kn, t), as (see Appendix A)
Here, Re[ ] stands for the real part of the quantity between brackets, the asterisk inĝ * (kn, t) denotes the complex conjugate, and we have considered that the functions f (z, t), and g(z, t) (both with zero mean) are real and, therefore, their Fourier transforms satisfyf (−kn, t) =f * (kn, t). Using equation (49), we can write the mean values of the quantities
with i, j = r, φ, as
where the temporal evolution of the fluctuations in Fourier space,δ vr(kn, t),δ v φ (kn, t),δ br(kn, t), andδ b φ (kn, t), is governed by equation (47). (54) and (55) 
Properties of the MRI-Driven Stresses
At late times, during the exponential growth of the instability, the branch of unstable modes will dominate the growth of the fluctuations and we can write the most important (secular) contribution to the mean stresses by defininḡ
where NBH is the index associated with the largest unstable wavenumber (i.e., the mode labelled with highest kn < kBH) 2 , the dots represent terms that grow at most as fast as e γt , and we have defined the functions
and
Note that these functions are not the Fourier transforms of the Reynolds and Maxwell stresses, but rather represent the contribution of the fluctuations at the scale kn to the corresponding mean physical stresses. We will refer to these quantities as the per-k contributions to the mean. The complex nature of the various components of the unstable eigenvector, together with the inequalities (34) and (35), dictate the relative magnitude of the per-k contributions associated with the Maxwell and Reynolds stresses and the magnetic and kinetic energy densities (see Appendix B for a detailed discussion of the latter case). Figure 2 shows the functions R rφ (kn) and M rφ (kn) for a Keplerian profile (q = 3/2). It is evident from this figure that, in this case, the per-k contribution of the Maxwell stress is always larger than the the per-k contribution corresponding to the Reynolds stress, i.e., −M rφ (kn) > R rφ (kn). This is indeed true for all values of the shear parameter 0 < q < 2 (see below).
The coefficients e j γ for j = 1, 2, 3, 4 in equations (56) and (57) are the components of the (normalized) unstable eigenvector given by equation (32) with σ1 = γ. We can then write, the mean values of the Reynolds and Maxwell stresses, to leading order in time, as
Equations (58) and (59) show explicitly that the mean Reynolds and Maxwell stresses will be, respectively, positive and negative,
This, in turn, implies that the mean total MRI-driven stress will be always positive, i.e.,
driving a net outward flux of angular momentum as discussed in §1.
It is not hard to show now that the magnitude of the Maxwell stress, −M rφ (t), will always be larger than the magnitude of the Reynolds stress,R rφ (t), provided that the shear parameter is q < 2. In order to see that this is the case, it is enough to show that the ratio of the per-k contributions to the Reynolds and Maxwell stresses, defined in equations (56) and (57), satisfy
for all the wavenumbers kn. Adding and subtracting the factor (k 2 n + γ 2 ) 2 in the numerator and using the dispersion relation (23) we obtain,
which is clearly larger than unity for all values of kn provided that q < 2. It is then evident that the mean Maxwell stress will be larger than the mean Reynolds stress as long as the flow is Rayleigh-stable, i.e.,
This inequality provides analytical support to the results obtained in numerical simulations, i.e., that the Maxwell stress constitutes the major contribution to the total stress in magnetized accretion discs (see, e.g., Hawley, Gammie, & Balbus 1995) . We conclude this section by calculating the ratio −M rφ (t)/R rφ (t) at late times during the exponential growth of the instability. For times that are long compared to the dynamical time-scale, the unstable mode with maximum growth dominates the dynamics of the mean stresses and the sums over all wavenumbers in equations (58) and (59) can be approximated by a single term corresponding to kn = kmax. In this case, we can use equations (38) and (39) to write
This result shows explicitly that the ratio −M rφ (t)/R rφ (t) depends only on the shear parameter and not on the magnitude or even the sign of the magnetic field. These same conclusions can be drawn for the ratio between the magnetic and kinetic energies associated with the fluctuations (see Appendix B for a detailed discussion).
DISCUSSION
In this paper we have studied the properties of the mean Maxwell and Reynolds stresses in a differentially rotating flow during the exponential growth of the magnetorotational instability and have identified its signature in their temporal evolution. In order to achieve this goal, we obtained the complex eigenvectors associated with the magnetorotational instability and presented the formalism needed to calculate the temporal evolution of the mean Maxwell and Reynolds stresses in terms of them.
We showed that, during the phase of exponential growth characterizing the instability, the mean values of the Reynolds and Maxwell stresses are always positive and negative, respectively, i.e.,R rφ (t) > 0 andM rφ (t) < 0. This leads, automatically, to a net outward angular momentum flux mediated by a total mean positive stress, T rφ (t) =R rφ (t) −M rφ (t) > 0. We further demonstrated that, for a flow that is Rayleigh-stable (i.e., when q = −d ln Ω/d ln r < 2), the contributions to the total stress associated with the correlated magnetic fluctuations are always larger than the contributions due to the correlations in the velocity fluctuations, i.e., −M rφ (t) >R rφ (t).
We also proved that, during the late times of the linear phase of the instability, the ratio of the Maxwell to the Reynolds stresses simply becomes
This is a remarkable result, because it does not depend on the initial spectrum of fluctuations or the value of the seed magnetic field. It is, therefore, plausible that, even in the saturated state of the instability, when fully developed turbulence is present, the ratio of the Maxwell to the Reynolds stresses has also a very weak dependence on the properties of the turbulence and is determined mainly by the local shear. For shearing box simulations with a Keplerian velocity profile, the ratio of the Maxwell to the Reynolds stresses in the saturated state has been often quoted to be constant indeed (of order ≃ 4), almost independent of the setup of the simulation, the initial conditions, and the boundary conditions. This is shown in Figure 3 , where we plot the correlation between the Maxwell stress, M rφ , and the Reynolds stress,R rφ , at saturation, for a number of numerical simulations of shearing boxes, with Keplerian velocity profiles but different initial conditions (data points are from Hawley, Gammie, & Balbus 
1995;
Stone, Fleming & Stone 2003; Sano, Inutsuka, Turner, & Stone 2004; Gardiner & Stone 2005) . It is remarkable that this linear correlation between the stresses, in fully developed turbulent states resulting from very different sets of initial conditions, spans over six orders of magnitude. The ratio −M rφ /R rφ = 4 is shown in the same figure with a dashed line, whereas the solid line shows the ratio obtained from equation (66) for q = 3/2, i.e., −M rφ /R rφ = 5/3, characterizing the linear phase of the instability. Hence, to within factors of order unity, the ratio between the stresses in the turbulent state seems to be independent of the initial set of conditions over a wide range of parameter space and to be similar to the value set during the linear phase of the instability.
The dependence of the ratio of the stresses on the shear parameter, q, has not been studied extensively with numerical simulations so far. The only comprehensive study is by Hawley, Balbus, & Winters (1999) and their result is shown in Figure 4 3 . Superimposed on the figure is the analytic prediction, equation (66), for the ratio of the stresses as a function of the shear q at late times during the exponential growth of the MRI. In this case, the qualitative trend followed by the ratio of the stresses at saturation as a function of the shear parameter q seems also to be similar to that obtained at late times during the linear phase of the instability.
The simultaneous analysis of Figures 3 and 4 demonstrates that the ratio −M rφ /R rφ during the turbulent saturated state in local simulations of accretion discs is determined almost entirely by the local shear and depends very weakly on the other properties of the flow or the initial conditions. These figures also show that the ratios of the Maxwell to the Reynolds stresses calculated during the turbulent saturated state are qualitatively similar to the corresponding ratios found during the late times of the linear phase of the instability, even though the latter are slightly lower (typically by a factor of 2). This is remarkable because, when deriving equation (66) we have assumed that the MHD fluid is incompressible and considered only fluctuations that depend on the vertical, z, coordinate. Moreover, in the spirit of the linear analysis, we have not incorporated energy cascades between different scales, neither did we consider dissipation or reconnection processes that lead to saturation. Of course, the numerical simulations addressing the non-linear regime of the instability do not suffer from any of the approximations invoked to solve for the temporal evolution of the stresses during the phase of exponential growth. Nevertheless, the ratio of the Maxwell to the Reynolds stresses that characterize the turbulent saturated state are similar (to within factors of order unity) to the ratios characterizing the late times of the linear phase of the instability.
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where we have used the fact that the functions f (z, t) and g(z, t) are real and, hence, their Fourier transforms satisfŷ f−n =f * n andĝ−n =ĝ * n . Note that the factorsf0 andĝ0 are just the mean values of the functions f (z, t) and g(z, t) and, therefore, do not contribute to the final expression in equation (49). It is then clear that, no matter whether the initial Fourier transforms corresponding to the functions f (z, t) and g(z, t) are real or imaginary, the mean value, f g (t), will be well defined.
APPENDIX B: ENERGETICS OF MRI-DRIVEN FLUCTUATIONS
The relationships given in equation (36) lead to identities and inequalities involving the different mean stress components and the mean kinetic and magnetic energies associated with the fluctuations. In particular, the total mean stress is bounded by the total mean energy of the fluctuations. Moreover, the ratio of the mean magnetic to the mean kinetic energies is equal to the (absolute value of the) ratio between the mean Maxwell and the mean Reynolds stresses given by equation (66).
As we defined the mean stresses in terms of their per-k contributions in §4, we can also define, to leading order in time, the mean energies associated with the fluctuations in the velocity and magnetic field bȳ
where the corresponding per-k contributions are given by
EM ( Figure 2 shows the dependences of the functions EK(kn) and EM (kn) for a Keplerian profile, q = 3/2, and illustrates the fact that EM (kn) > EK(kn) for 0 < kn < kBH and 0 < q < 2. Using equation (36) and the expression for the dispersion relation (23), it is easy to show that the following inequalities hold for each wavenumber kn
as long as q > 0. It immediately follows that the same inequalities are also satisfied by the corresponding means, i.e.,
This result, in turn, implies that the total mean energy associated with the fluctuations,Ē(t) =ĒK (t) +ĒM (t), sets an upper bound on the total mean stress, i.e.,
At late times during the exponential growth of the instability, the growth of the fluctuations is dominated by the mode with kn = kmax and the mean stressT rφ (t) will tend to the total mean energyĒ(t), i.e., lim t≫1T rφ (t) = lim t≫1Ē (t) .
Furthermore, according to the first equality in equation (B5), we can conclude that the ratio of the mean magnetic to the mean kinetic energies has the same functional dependence on the shear parameter, q, as does the (negative of the) ratio between the mean Maxwell and the mean Reynolds stresses given by equation (66) 
Therefore, the mean energy associated with magnetic fluctuations is always larger than the mean energy corresponding to kinetic fluctuations as long as the flow is Rayleigh-stable.
